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» The FX market

» Smile models

» Calibration and backmapping
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Volatility is quoted in delta. Which delta?
» Spot-delta vs Forward-delta

» In FX two currencies, could quote delta in either of the two
currencies.

» In FX the premium can be payed in either currency, which
will effect the delta.

ATM
» ATM = forward
» ATM = delta neutral straddle
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Volatility is quoted in market instruments:
Risk reversal

» X% delta risk reversal

» Long X% delta call, short X% delta put.

» Quoted as the difference of the call and put volatility
Butterfly

> X% delta fly

» Long Y% delta call, long Y% delta put, short ATM

» Quoted as the difference of the average call and put
volatility to the ATM vol
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From risk reversal and butterfly
» cally = ATM + 3RRx + Flyx
» putx = ATM — jRRx + Flyx

Simple construction, but is not market practice!
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Market strangle
The average in volatility of two strike using the given ’common’
butterfly volatility is given by the market:

>

Fly
K (oty +oarwm, 0)

I
Kgu}z(aﬂy + oarwm, d)
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Risk reversal
S

1
KRR (oarm + §O’RR,5)

1
Ko (oamy — 50RR; )

For small risk reversal and moderate maturities the simple
construction is a good approximation.
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The problem to be solved is not an interpolation problem
anymore. The smile to be constructed has a single point as an
anchor: the ATM point. The other points are not explicitly
given, but as constraints.

Risk reversal constraint:

Pean(Keoit, o (Kea)) — Pput (K, o(KH)) = Pre

with

1

RR RR
Prr = Pean(Keani, oaT™ + §O'RR) — Pput(Kput> oaTM — §URR)
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Strangle constraint:

Pean(Keafi: o (Keah)) + Pout (Ko, 0 (Kpt)) = Pryy

call? call put>’ put

with

Fl Fl
Priy = Pean(Keap oaT™ + 0Fly) + Pput(Kput, oaTM + 0F1y)
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Difficulties for skewed smile

0.16

0.14 SRS —e— volatility interpolation
. ‘\\ —=—25% RR
10% RR
012 \ = 25% Fly
o - 10% Fly
% 0.08 \‘\
0.06 = ‘Q".\’

0.04 £
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one day forward volatility is not the same for all days
weekends and global holidays are non-volatile days

local holidays are non-volatile days for local currencies

vV V. Vv Yy

economic indicator and number publications create
additional variance
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» smile—consistency

» control forward—smile dynamics

» reproduce market prices
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» Vega—hedge motivated
>

P = PATM + eSananna 8SO'P + eaacvolga 80'0']-:)

The vanna cost Cyanna and volga cost Cyolga is usually
derived from 25A risky and fly. The factors Og,, ©,, are
often chosen as the expected survival time in percent of the
maturity. There is some justification for OT to do so.
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» Dupire’s local volatility

» Parametric local volatility

% ((t) — £ (£))dt + o3(S, £)dW
i(St, t) f(So, St, t)
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Parametric local volatility

f1(S0,St,t) = f(LR =1n(S¢/So),t) = c(t) + b(t)LR + a(t)LR?
f2(So,St,t) = c_o(t)LR™2 +c—1(t)LR ™! + co(t)
+¢1(t)LR + co(t)LR?

other forms are available and are more adapted to other asset
classes.
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Most popular is the Heston model

% — (@) = £ (£))dt + o3(£)dW

do? = k(3% — d%(t))dt + £oydV

with < dW,dV >= pdt. A closed form solution exists.
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Introduce mixing of stochastic volatility model and local
volatility model.

% = (19(t) — £(t))dt + o3(t)Er(Se, t)AW

do? = k(3% — o%(t))dt + ExoidV

with < dW,dV >= pdt and the mixing factor A\. For A =1 full
Heston model, and f = 1, for A = 0 full local vol model with
local vol function and &) = 0.
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Pegged and managed currencies

HKD Vol Smile
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» jump diffusion models
» distribution of jump-size [Kou, Merton]
» stochastic—volatility and jumps

» stochastic skew model
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» jump diffusion models
» distribution of jump-size [Kou, Merton]
» stochastic—volatility and jumps
» stochastic skew model skew in some markets very
volatile, RR changes sign
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» Avoid Schoenbucher 'mean fleeing’ dynamics close to
maturity by a finite forward—vol model?

» Is it really necessary when we can use long time stepping
for Heston model in Monte Carlo?

J. Hakala FX derivatives 17/03/08 24 / 39



Standard g
Chartered &

» Sparse input

» Least mean squares method in volatility, prices or weighted
prices

J. Hakala FX deriva 17/03/08 25 / 39



Standard g
Chartered &

Assuming that calibration solves a least mean squares problem
The objective function for non linear least square optimisation
for instruments M; with target price O;

M
(M;(P) — O3). (1)
i=1

The minimization of the objective function will lead to the local
normal equation to be fulfilled for all calibration parameters
Pi,---,Pn.

M
> OMi(P) (Mi(P) — O;) = 0. (2)
i=1
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The sensitivity of the price of a product to the change in
parameter [ is given by

N
dV = 95VdB + Y 9 VOza™  dg, (3)
k=1l
One way to get that impact on the calibration is the finite
difference on the parameter and a re—calibration.
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The expansion of the price with respect to calibrated parameter

a® around the solution of the calibration procedure ag¥ yields

the

N
M; (@) = M;(ap) + Z D, Mi(&d — agl) + 0(2) (4)

The LS eq. is rewritten (with ol = &/ — ap') as

M
> [ Mi(eo +Z@aJMoH 0; | =o. (5)

i=1 =1
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Normal equations

Mz

ZZ&J(‘)&JM (a0)0xMi(ap)

i=1 j=1 1:1

— 04) 9 Mi (o).
(6)

since o = 0 is a solution by definition the constraint is

M
> Mi(ap)8,Mi(ag) = Z 0:9, M;(ax (7)

i=1
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The required sensitivity is obtained by solving the system of

equations
M N . M
DY IO MiOpM; = > (M — O5) i gM;
i=1 j=1 i=1

M
+ 3 (95M; — 9505) D M.
i=1

(8)

This is a very useful equation, that can be used in many cases.
It simplifies for specific cases as well.
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M N
Z Z 85aj8ajM16akMi = —8akMi. (9)

i=1 j=1

» sensitivity to input prices O;
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M N )
Z Z BgaJaaj MiaakMi = —8g018akMi.
i=1 j=1

» sensitivity to input prices O; or vols
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M N

Z Z DpiMiD M = —930;0, M. (9)
M N M
D) a0 MidpMi = — Y~ 9300,010,:M;. (10)

i=1 j=1 i=1

—.

» sensitivity to input prices O; or vols
» sensitivity to ATM, RR and Fly as a strategy
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» USDJPY market data ly [modified]
» Calibrationset maturities 3m, 6m, ly
» equivalent strikes to 10%, 25%, ATM, -25%, -10%
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Longterm Variance
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Correlation variance and Mean reversion

Correlation Mean Reversion
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Vol of Variance

Risk for vol of variance
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Estimated calibration change and actual change [scaled by
10000] for parallel move of the vol surface

estimated | actual

initial var 5.19 3.84
longterm var 3.77 3.41
correlation 44.1 49.5
meanreversion 30.0 -625.07

-29.95 -42.26

vol of var
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Estimated calibration change and actual change [scaled by

estimated | actual
initial var -0.3 0.6
longterm var -1.7 -0.5
correlation 491 793
meanreversion 56 58
vol of var -9.61 6.16

J. Hakala FX derivatives

17/03/08



Standard g
Chartered &

Estimated calibration change and actual change [scaled by
10000] for butterfly

estimated | actual

initial var 0.69 1.2
longterm var 0.96 0.65
correlation 79 141
meanreversion -314 -598

91 123

vol of var
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» Get the market convention for FX correct is not a trivial
task
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» Get the market convention for FX correct is not a trivial
task

» Selection criteria for a smile model are different for
different markets, in particular for non G7 markets
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» Get the market convention for FX correct is not a trivial
task

» Selection criteria for a smile model are different for
different markets, in particular for non G7 markets

» Back—mapping of sensitivities improves speed and stability
of the greeks when calibration is involved.
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Get the market convention for FX correct is not a trivial
task

» Selection criteria for a smile model are different for
different markets, in particular for non G7 markets

» Back—mapping of sensitivities improves speed and stability
of the greeks when calibration is involved.

» Back—mapping of sensitivities improves the understanding
of the model
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