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Abstract

We present a method for computing risk-minimizing static hedge strategies. The
method is straightforward, yet flexible with respect to the type of contingent claim
being hedged, the choice of risk-measure, and the underlying asset dynamics. Ex-
perimental investigations for barrier options show that in a stochastic volatility
model with jumps the resulting hedges outperform previous suggestions in the lit-
erature. We also illustrate that the risk-minimizing static hedges work in an infinite
intensity Levy-driven model, and that the performance of the hedges is robust to

model risk.
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1 Introduction

In this paper we present a risk-minimizing framework for static hedging under general
asset dynamics. The idea is simply this: Let P be the time-T (T could be random)
payoff of an exotic option we want to hedge, and let H = (Hy, ..., Hy) be the time-T
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value of some hedging instruments; think of these as plain vanilla options. Given a loss
function u that specifies our risk-measure (for instance u(z) = 22 or u(z) = ™), choose

the hedge weights ¢ that minimize
E[u(P - H - ¢)] (1)

subject to constraints on the portfolio weights and the cost of the portfolio; such con-
straints are linear by nature. Use the sample average method: Generate N independent
samples (P™, H™), approximate E[u(P — H - ¢)] by

|

~ Zu<p(n) —H™ . ¢),

n=1

and minimize this expression numerically subject to the constraints; when u is convex
this is an easy numerical problem. Besides the flexibility regarding the choice of risk-
measure and the conceptual and numerical simplicity illustrated by the 10-line descrip-
tion above, this way of constructing hedge portfolios has several other advantages. First,
real markets are not complete, so exotic options cannot be perfectly hedged; statically
or otherwise. Contrary to previous constructions of static hedges, the risk-minimizing
approach gives an ex-ante measure of the residual risk of the hedge. It even provides a
full (cost, risk)-profile; an efficient frontier. Second, the proposed method is truly gen-
eral with respect to the dynamics of the underlying. There are no hidden assumptions
(such as Markovianity, continuity, zero-correlation, ...) that cause it to break down or
yield only trivial results.

The main contribution of this paper lies in the application of the risk-minimizing
approach to static hedging of barrier options. In the 90’4l Peter Carr and Emanuel
Derman (and various co-authors) demonstrated that in the Black-Scholes model there
are simple ways to construct portfolios of plain vanilla options that perfectly match the
payoff from barrier options without the need for dynamic adjustments; one sets up the
portfolio at initiation, monitors when the barrier option expires or is knocked out, and
then unwinds the portfolio of vanilla options. Since then, such static hedges have been
studied extensively in the literature. Most works take outset in the results and techniques

from the basic Black-Scholes framework, which are then tweaked and extended. In this

'Early papers are Carr, Ellis & Gupta (1998) and Derman, Ergener & Kani (1995); a recent survey
is Poulsen (2006). Carr used symmetry to prove equivalence between barrier options and certain simple
claims, which are then replicated by different-strike calls and puts. Derman described a numerical

method that uses options with different expiries, and is very easy to understand.



paper we take a different view by starting from general principles and then demonstrating
their practical applicability. Some sources do take a minimization or regression approach
to static hedging; examples are Dupont (2001), Allen & Padovani (2002), and Pellizzari
(2005). However, compared to the techniques and investigations in this paper, those
studies are limited by considering some combination of (i) only the quadratic criteria,
(ii) effectively unconstrained portfolios, and (iii) only the Black-Scholes framework.

In our experiments we look at four different risk measures: quadratic (u(r) = z?),
positive part (u(z) = 1), value-at-risk and expected shortfall. The two latter cases do
not immediately present themselves on the form (), but given the samples (P™, H™)
we can never the less compute the risk-minimizing hedge strategies by solving minimiza-
tion problems — a convex problem in the case of expected shortfall and a non-convex
for value-at-risk. We investigate the performance of the static hedge strategies on up-
and-out call-options using European call-options as hedging instruments. Discontinuity
(the corresponding plain vanilla call is in-the-money when the barrier option knocks
out) makes this a hard hedging problem, but also the most relevant test for practical
purposes: by far the largest trading volume in barrier options is in such “reverse” or
“live-out” options. The method we propose easily reproduces any static hedge portfolio
based on Black-Scholes assumptions, and we show that in a more complex model —
the Bates model with stochastic volatility and jumps — it gives hedge portfolios with
superior performance to those recently suggested in the literature. This experiment also
highlights the importance of being able to handle the cost/risk trade-off, and that no
universally optimal static hedge strategy exists; it depends on which risk-measure is
used.

We end the paper by looking at model risk aspects through two gedankenexperimente.
These demonstrate that (i) it is beneficial (but not crucial) to take into account the joint
dynamics of state variables and plain vanilla options (“both P and Q matter”), (ii) static
hedging through risk-minimization is also feasible in infinite intensity Levy-models where
previously suggested techniques do not work, (iii) the performance of the risk-minimizing
static hedges is robust to model risk in the sense that a Bates-optimal hedge performs
well in the Normal Inverse Gaussian model, and vice versa, provided that the models

agree on vanilla option prices.



2 Risk-minimizing static hedges

Consider a formal setting like this: Let T" be some finite final time-point, look at a filtered
probability space, and let (.S;)cjo,r] be an adapted process modelling a traded asset, the
stock for easy reference. Let P denote the (one and only) time-T payoff of a contingent
claim, an exotic, illiquid, or path dependent option on the stock. Furthermore, let
H = (Hy, ..., Hy) denote the time-T value of M liquid hedging instruments: typically
plain vanilla options, but more generally any contingent claims. A static hedge strategy
is some ¢ = (cy,...,cy) € RM) where ¢; represents the position in the ith hedging
instrument (¢; > 0 is a long position), so the time-T" value of the corresponding hedge
portfolio is H - ¢ = ZM_ CmH o,

m=1

2.1 Definition of a risk-minimizing hedge

Look at a function v : R + R, and let D denote a compact set in RM. We define a
risk-minimizing hedge strategy corresponding to u and D as a solution to the stochastic

programming problem

min E[u(P — H - ¢)). (2)

ceD
The definition of the hedging strategy is quite natural: P — H - ¢ is the loss on a short
position in the exotic contract, and short is the typical direction for an exotic option
hedger; buyers most often use the contracts for speculative or insurance purposes, and
thus have little interest in (or ability to) hedge their option position.

The requirement that the set D of admissible strategies is a compact is very natural
from a practical point of view: hedgers cannot take arbitrarily large positions. Further-
more, note that a restriction on the price of the hedge portfolio gives a simple linear
restriction.

An approximation of the minimizer of g(¢) = E[u(P — H - ¢)] can be computed by the
so-called sample average approximation method. To this end N independent samples
(P™, H™) of the pair (P, H) are generated, and g(c) is approximated by

= %Z (P™ — H™ . (). (3)

In cases where u is convex and D is defined by linear constraints, this can be minimized
with little difficulty with standard numerical methods. Most off-the-shelf software pack-

ages have efficient solution algorithms. Not only is the sample average approximation



method intuitively appealing, it can be shown, see Shapiro (2008) and the references
therein, that under mild conditions the minimizer of (B converges to the minimizer of
@) as N — oo. In fact, refined asymptotic normality and large deviations results are

available.

2.2 Scaling and non-linearity of the hedges

For a moment let us assume that « has the form

u(z) = fi(z7)" + Ba(a™)?, (

W
N—

where 31,3, > 0 and v > 1 are constants. This means that u has the positive homo-
geneity property u(ax) = a’u(z), a > 0. With the convention aD = {¢ € R¥; ¢ =
ac for some ¢ € D}, we see by direct inspection that ¢* € D minimizes E[u(P — H - ¢)]
over D if and only if ac* minimizes Flu(aP — H - ¢)] over aD. So assuming that bud-
get and weight restrictions change appropriately, we can compute the risk minimizing
hedge of a single contract and then scale the hedge weights by a > 0 to obtain the risk
minimizing hedge for a contracts. This is very important from a practical point of view,
since this is exactly what traders do. Functions of the form u(z) = (z*)” are homoge-
nous and do not punish gains; they are one-sided. The parameter ~ is related to the
risk-aversion of the hedger: the higher +, the more averse is he to large losses. However,
any other choice than u(x) = z? gives hedges that are not linear: The risk-minimizing
hedge of P, + P is not the sum of the risk-minimizing hedges of P, and P. This is
troubling from a practical point of view, since it implies that a trader should take the

whole bank’s assets into account when hedging the risks on his own book.

2.3 Risk-measures used in the experiments

A variety of risk-measures have been suggested; Artzner, Delbaen, Eber & Heath (1999)
present an axiomatic approach and a recent work with descriptions, discussions and
suggestions is Cherny (2006). In our experiments we focus on four that are commonly
used and/or have tractable properties: the quadratic (u(z) = z?), the positive part
(u(z) = 1), value-at-risk, and expected shortfall.

Quadratic hedging has been extensively studied, in dynamical settings, see Schweizer
(2001) and the references therein, as well as in the context of static hedging, see Dupont

(2001). Minimizing E[(P — H - ¢)?] is clearly a natural thing to do, although from a



financial point of view it is strange to punish gains and losses symmetrically. Without
portfolio restrictions this is a standard least squares regression.

With u(z) = a2t we have a one-sided risk-measure — only losses are punished.
Minimizing expected loss with such a convex loss function is advocated in for instance
Follmer & Schied (2002). The associated optimization problem is clearly convex, and
can in fact be reformulated as a fully linear programming problem at the cost of including
extra variables.

The value-at-risk at level « of the loss P — H - ¢ is the upper a-quantile of the loss
distribution,

V@R, =inf{z e R; P(P—H -c> z) < a},

where typically a = 0.01 or 0.05. This risk-measure has some well-known shortcomings,H
but it is widely used. One reason for this is probably its repeated suggestion in the
Basel capital directives. Another “pro” argument is that quantiles are more robust than
moments. In a risk estimation context Cont, Deguest & Scandolo (2007) have recently
demonstrated that robustness and coherency are conflicting objectives. V@R does not fit
directly in the Eu(-)]-formulation, but we can easily compute the discrete analogue from
the order statistics of the samples. The associated optimization problem is non-convex.

Expected shortfall (also known as tail-V@R or conditional V@R) is the mean of the

loss beyond value-at-risk:
ES, =E[P—H -¢|P — H-c>VQR,].

As shown by Tasche (2002), expected shortfall is a CoherentH risk measure in the sense of
Artzner et al. (1999). This approach does not immediately fit the E[u(-)]-formulation.
However, Rockafeller & Uryasev (2000, Theorem 1) show that with some sleight-of-hand
(extra variables and constraints) minimization of expected shortfall can be formulated

as a linear programming problem.

3 Hedge Performance in the Bates Model

In this section we conduct experiments with the risk-minimizing static hedge techniques

and document their superior performance to what has previously been suggested in the

2V@R fails coherency on subadditivity. It may be the case that V@R (X +Y) > V@QR(X) +

V@R(Y); Tasche (2002) gives an example involving Pareto-distributions.
3A small adjustment is needed is the definition above to maintain coherency for distributions with

point mass at V@QR,,.



literature.

As target option we choose a daily-monitored, zero-rebate up-and-out call-option;
that is it pays
P=(Sr—K)*1

maXie {dt,2dt,..., T} St <B>

with dt = 1/252. This is a so-called reverse barrier option; the corresponding plain
vanilla call is in-the-money when the barrier option knocks out. This creates a discon-
tinuity that makes the hedging difficult. We set the initial stock price to Sy = 100, and
for the target option we choose expiry T = 1, strike K = 110 and barrier B = 130. For
hedging we use the time-T" value of vanilla call options with expiry less than or equal to
T that are liquidated if the barrier is crossed; this is the usual way to statically hedge
barrier options. To be precise, let 7 = min{first barrier crossing, 7'} = min{min{t €
{dt,2dt,...,T}; S; > B}, T}. Any cash flows prior to T" are held in the bank account
with constant interest rate r = 0.02. If the kth vanilla call has strike K*) and expiry
T®) < T then

" { eT=7" x (time-1 market price of kth call option) if 7 < T®*),
k =

e(T—T(’“))r<ST(k) — KR+ otherwise.

Following Nalholm & Poulsen (2006) we restrict ourselves to hedge instruments that are
most 35% out of the money, we use vanilla calls with strikes 110,130, 131, ..., 135.

As data-generating process for our experiments we use the model of Bates (1996)
which combines stochastic volatility and jumps. Under the real-world probability mea-

sure P the dynamics are

dS, = uSdt +\/V,S,dW7 + J,dN,,

AV, = k(0 —V,)dt+ o/ VdW,
dW2dwY = pdt,

dN, ~ Po(\dt),

2
In(1+J;) ~ N (log(l +a) — %,72) :

4To have any place in a static hedge, an instrument must have a strike that equals the strike of
the barrier option or lies at or beyond the barrier, otherwise it will make a time-T' contribution in the
case where the barrier option is not knocked out. If lower-strike calls are included as potential hedge

instruments, their weights are put to — or very close to — zero through the optimization.



This is an incomplete model, so there is a multitude of equivalent martingale measures.
We assume the (pricing) martingale measure QQ preserves the parametric structure of
the model. As values for the P- and Q-parameters we use those reported in the com-
prehensive study in Eraker (2004); they are reproduced in the left columns of Table [
(the parameters without superscripts are the same under P and Q). The values of the
risk-adjusted parameters in Table [0 reflect the stylized facts that (i) there is a posi-
tive equity risk-premium (uF > p@), (ii) implied at-the-money volatility is higher than
typical historical volatility (#¢ > 6F), and (iii) there is a “fear of (downward) jumps”
(a® < of < 0). Note how the real-world and the risk-adjusted parameters are inter-
twined in the determination of the static hedge portfolio: Paths of the state variables,
S and V, are simulated with P-parameters and the QQ-parameters enter when the hedge
instruments are valued (remember, the hedging portfolio is liquidated if the barrier is
crossed).

The characteristic function of the log-returns in the Bates model is known in closed
form (see Bates (1996)), so prices of plain vanilla options can be computed efficiently

with Fourier inversion techniques!.

We will use the notation P(0) = e "TE?[P] and H(0) = e "TEQ[H], i.e. P(0) and
H(0) are time-0 values of the barrier option and the hedge instruments.

In the experiments we report in the following we only use hedge instruments with
expiry T. Doing this is justified by the result from the following small experimerﬂH
(see Table B)): Using vanilla calls with expiries 7'/4,...,T and the budget restriction
H(0) - ¢ < P(0), we calculate the risk-minimizing hedges corresponding to the three
one—sidedﬂ risk-measures from section — E[(-)*], V@R, and ES,, with a = 0.05.
For each risk-measure, we then repeatedly compute the risk-minimizing hedge using only
the expiry-T calls, while gradually relaxing the budget restriction until the performance
of the only-expiry-T-hedge equals the performance of the hedge that includes earlier

expiries. The difference in price between these two hedges can be seen as the cost of

>The link between Fourier inversion and option pricing is investigated in Carr & Madan (1999); a
text-book presentation is given in Cont & Tankov (2003, Chapter 11). We do not know in advance
which (time to maturity, spot)-combinations we need to price (this is determined by when and how the

barrier is crossed), so we use brute-force quadrature integration.
fBoth Nalholm & Poulsen (2006) and Giese & Maruhn (2007) also find the expiry-T" component to

be the most important one; in the later comparison we also restrict their hedges in that way.
"We cannot do this for the quadratic risk-measure, since the performance of this hedge does not

increase when we relax the budget restriction.



Statistical | 7,146 Design Set to
parameter parameter
k¥ 4.788 So 100
KQ 2.772 Vo oF
oF 0.2052 r 0.02
69 0.2692 K 110
o 0.512 B 130
-0.586 T 1
af -0.004 | KO, ..., K@ | 110, 130, 131, ..., 135
a@ -0.020 | 7D, ..., T® T
v 0.066 N 10,000
A 0.504
uF 0.066
p r — Al

Table 1: Default setting for simulation experiments. The two columns to the left give
parameters for the Bates model; both real-world (P) and risk-adjusted (Q). These have

been taken from Eraker (2004) and converted to non-percentage and annualized terms.

Risk-measure E[(-)*] | V@Rg05 | ESo0s
Cost of excluding
early maturities 2% 1% 2%

Table 2: Cost of excluding prior-to-7T" expiries in the risk-minimizing hedge portfolios,

relative to the time-0 price of the barrier option.

excluding earlier expiries in the hedge portfolio. The costs for all three risk-measures
are reported in Table ] and as we see they are small: less than 2% of the time-0 price
of the barrier option.

We investigate the quality of the risk-minimizing hedges for the four risk-measures
from Section 23— the quadratic, the positive part, V@R, and ES,, with o = 0.05. The

risk-minimizing hedge strategies are compared to two recent suggestions in the literature.

1. Nalholm & Poulsen (2006) combine Carr’s “adjusted payoff” idea with pointwise
matching, regularization by singular value decomposition and structural knowledge

of the Bates model.

2. Giese & Maruhn (2007) use super-replication, which in our notation amounts to

9
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Figure 1: Payoffs for the static hedge portfolios. Top: risk-minimizing hedges corre-
sponding to u(z) = x? (dotted), u(z) = T (solid) and V@R g5 (dashed). Bottom: the
ESp.05-minimizing hedge (dotted) and the hedges from Nalholm & Poulsen (solid) and
Giese & Maruhn (dashed).

solving

min H(0) - ¢ s.t. H™ . ¢ > P™ for all n.

Note that for both these hedges, the hedger does not — contrary to the suggested
risk-minimizing hedges — directly control the cost of the portfolio.

Having computed the strategy from Nalholm & Poulsen (2006) we see that the hedge
weights are bounded by 9.9, so to make the comparison fair we use this as a constraint
on the magnitude of the weights in the risk-minimizing hedges and the hedge from Giese
& Maruhn (2007).

We compute the risk-minimizing hedges using 10,000 simulated paths which in our
experience gives very reliable results. That takes about four minutes on a laptop. Almost
all that time is spent on valuation of the hedge instruments; the path generation takes
about ten seconds, while the actual optimization is almost instant.

Because the hedge portfolios only contain contracts of a single expiry, T, they can
conveniently be represented by their payoff functions. This is done Figure[ll We see how
the super-replicating portfolio of Giese & Maruhn (2007) tries to mimic the truncated
call-payoff (x — K)*1,.p, which must be the cheapest truly super-replication portfolio

10



Hedge techni Hedge error statistics

edge technique price  m sd  E[()Y] V@Roos ESoos P(loss>0) max(loss)
Risk-minimization
E[()?] 99.6% 4.3% = 66% 13% 66% 99% 0.34 830 %
E[()7] 100% -1.8%  73% 7.5% 49% 90% 0.14 800 %
V@Rog.05 100% 0.4% 69% 9.0% 34% 76% 0.38 800 %
ESo.05 100% -0.3% 69% 9.5% 38% 72% 0.37 770 %
Payoff matching as
Nalholm & Poulsen 119% -14% 90% 4.3% 25% 76% 0.09 870%
Super-replication as
Giese & Maruhn 164% -70% 157% 0.00% 0.00% 0.01% 0.00 100%

Table 3: Hedge error behavior in the Bates model for an expiry-1, strike-110, barrier-130
up-and-out call-option, for which P(0) = e"TEQ[P] = 1.33. All numbers are given as
percentages of P(0).

in the case of unbounded jumps, see also Kraft (2007). But other than that, differences
are hard to make out with the naked eye. Therefore Table Blreports descriptive statistics

for all the hedge strategies.H In the table
e “price” is the initial price of the (estimated) optimal static hedge, H(0) - c,

e “m” is the average loss, E¥[P — H - c],

e “sd” is the standard deviation of the loss, \/Var[P — H - ¢]/P(0),
e “P(loss > 0)” is the probability that the hedge loses money, P({P — H - ¢ > 0}),
e “max(loss)” is the largest observed loss, max{P™ — H® .c}.

The first thing to note from Table B is that pay-off discontinuity makes the up-and-
out call difficult to hedge; for the risk-minimizing strategies the standard deviation of
the loss is around 70% of the time-0 value of the barrier option. For comparison: Daily
delta-hedging of the up-and-out call gives a standard deviation of about 150%, while the
standard deviation of the loss is around 5% of the option value for delta-hedging of a
plain vanilla call. Second, there are visible — though not vast — differences between the
performance of optimal strategies depending on the type of risk-measure. Or briefly put:
We can tell what is being minimized. These differences are more pronounced for value-at-
risk and expected shortfall, that put more focus on the tail of the loss distribution. The

table also gives performance statistics for the hedges suggested by Nalholm & Poulsen

8The sample average method has an inherent in-sample bias (positive, performance-wise), so to

evaluate hedges out-of-sample, we simulated 10, 000 new paths and used the proposed optimal strategies.

11



and Giese & Maruhn. A direct and fair comparison based on the table is not possible
because of the differences in initial prices.

However, as suggested in Krokhmal, Palmquist & Uryasev (2002), that can be reme-
died by varying the budget restriction and each time calculating the corresponding risk-
minimizing hedges. In this way we get an efficient frontier in cost/risk-space; in fact we
get, one for each risk-measure. These are shown in Figure 2l The four panels correspond
to different risk measures, and each panel has four curves corresponding to the four
(optimal) strategies. First, this figure illustrates what we mean when we say that E[(-)?]
is a financially strange risk-measure to use. It does not capture the cost/risk trade-off;
you cannot reduce risk by increasing the budget. That is possible when a one-sided
risk-measure is used. We see that optimal strategies w.r.t. the three one-sided measures
behave fairly similarly, especially for high budgets. For a bank selling exotic options,
this the realistic case; if the option cannot be sold at some mark-up, then it is not sold at
all. The efficient frontiers enable us to compare the risk-minimizing strategies to the two
previous suggestions, and we see the improvements. The Nalholm & Poulsen strategy
clearly does not lie on the efficient frontier for any risk-measure; similar performance
can be achieved at approximately 10—20% lower cost (the typical horizontal distance to
frontier). For the one-sided risk-measures the Giese & Maruhn hedge is very close to the
efficient frontier, but at its extreme right. We find it quite likely that a trader or a bank
would like to have the possibility to take a little more risk in return for a significantly

lowered cost.

4 Model risk

In this section we investigate how robust risk-minimizing hedges are with respect to
“model risk.” We ask (i) what happens if the hedger ignores the difference between the
measures P and Q, and (ii) how does the Bates-optimal hedge perform in an infinite

activity Levy-model, and vice versa?

4.1 Pvs. Q

The computation of the risk-minimizing hedge depends on both real-world and risk-
adjusted parameters. But what happens if we ignore this difference? In our experiment

we consider two not-too-hypothetical hedgers: The Quant and The Econometrician.

12



The Quant The Econometrician
Risk- . .

meAsuTe conjectured | actual | conjectured | actual | true
risk risk risk risk risk
E[(-)?] 69% 66% 118% 110% | 66%
E[(-)"] 8.2% 8.0% 5.9% 8.2% | 7.6%
V@R 05 35% 36% 34% 48% | 34%
ESo.05 80% 2% 68% 3% | 2%

Table 4: Conjectured and actual performances of risk-minimizing hedge strategies for
the two slightly ignorant hedgers, relative to the time-0 price P(0) = 1.33 of the barrier

option.

- The Quant has obtained a correct view of the Q-parameters from Table [ by
calibrating the Bates model to market prices of vanilla options, and takes as V(0)
the squared implied volatility of a one-month at-the-money call-option. Then he
takes P = Q.

- The Econometrician has estimated the P-parameters from Table [ correctly,
say from a long time series of frequent stock price observations. He then takes all
Q-parameters equal to the P-parameters, but changes the drift to u@ = r — \af in

order to make (Q a martingale measure.

Both hedgers come in four different versions corresponding to the different risk-measures.
All hedgers run simulations and determine their risk-minimizing hedges with the budget
restriction H(0) - ¢ < P(0). They run additional simulations (again using their own
views of the two measures) to get out-of-sample estimates of the performance of their
optimal hedges; this we call the “conjectured risk”. Then we estimate the “actual risk”
of the strategies by running simulations as in Section B with the full P-Q parameter
combination. The results are reported in Table B the “true risk” in the last column
is the performance of the benchmark portfolios from Table B evaluated on this table’s
out-of-sample paths.

We see that irrespective of the choice of risk measure the Quant’s portfolio suffers very
little compared to the truly optimal one; at most risk increases by a factor of 1.05. The
Econometrician’s performance deteriorates somewhat more. That is understandable;
when options are used as hedge instruments, it is important to take their pricing into

account — this is done when the Q-parameters are calibrated to the market. What is

13



more surprising is that the difference between actual and true risk for the Econometrician
varies a lot across risk measures. Last, we note that there is no general pattern in
the relation between “conjectured risk” and “true risk”; neither hedger is systematically
optimistic or pessimistic. This can be further confirmed by running similar experiments

on down-and-out puts.

4.2 Bates vs. NIG

As pointed out by several authors, see for instance Detlefsen & Hirdle (2007) and their
references, models may produce similar prices of plain vanilla options and yet give very
different prices for e.g. barrier options. We consider the Normal Inverse Gaussian (NIG)
model which is a pure jump, infinite activity Levy processH and test the robustness of
the risk-minimizing hedge by investigating how well the Bates-optimal hedge performs
in the NIG model and vice versa.

In the NIG model, the stock price is given by S, = Sye** where (X¢)t>0 is a so-called
NIG process. This means that the Levy-Khinchine representation of the characteristic

function of X, is E[e®Xt] = (%) where

Y(2) =mz+d(Va? =02 — /a2 — (b+ 2)?

With m = r — d(va? — \/a2 (b+ 1)?) the discounted stock price is a martingale,
so the model has three (rlsk—adjusted) parameters. It is possible to simulate X; effi-
ciently and without bias on a grid (see Glasserman (2004, Section 3.5)) and since the
characteristic function is available in closed form, vanilla option prices can be computed
with Fourier inversion techniques.

We calibrate the NIG model to the Bates model’s prices for the hedge instruments
across expiries. The resulting parameters are (a,b,d) = (15.0,—-8.9,0.5) and from
Figure B we see that there is a quite good fit over the 3-month to 1-year spectrum of
expiries. Note that the NIG model achieves this fit with only three parameters; the Bates
model has seven. To avoid the difference between the two models under the real-world
measure we set P = QQ in what follows.

As before, we want to hedge an up-and-out call option with expiry T" = 1, strike

K =110 and barrier B = 130. The hedging instruments are expiry-1" vanilla calls with

9Financial modelling with NIG processes was first suggested in Barndorff-Nielsen (1998). A recent

survey /investigation of infinite activity Levy models is Carr, Geman, Madan & Yor (2007)
190nly expiry-T options are used for the initial hedge portfolio composition, but a poor fit of the

NIG model at shorter expiries will cause problems at liquidation.
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Data-generating
model

El()%

Risk-measure

El()"]

V@Ro_05

ESO.O5

Hedge model

Hedge model

Hedge model

Hedge model

Bates NIG | Bates NIG | Bates NIG | Bates NIG
Bates 54%  59% | 7.3%  9.4% | 33%  38% | 67%  86%
NIG 2%  64% | 6.4% 6.2% | 21%  13% | 120% 100%

Table 5: Risk-measures for Bates- and NIG-optimal hedge errors relative to the time-0

price of the maturity-1 , strike-110, barrier-130 up-and-out call-option.

strikes 110,130, 131,...,135. For each risk-measure we compute the risk-minimizing
hedges in both the Bates and the NIG model with the budget restriction H(0) - ¢ <
Pgates(0) = 1.33. We evaluate the quality of all the different hedges out-of-sample in
the Bates model, and report the corresponding risk-measures relative to Ppgges(0) in
the first row of Table Bl Next, we compute the Bates- and NIG-optimal hedges for all
risk-measures, but this time with the budget restriction H(0) - ¢ < Pyn;g(0) = 1.43 (the
true barrier value in the NIG model). We evaluate the quality of the hedges in the
NIG-model and report the risk-measures relative to Py;¢(0) in the second row of Table
Bl

The first thing we see from Table B is that the numbers in the two rows are of the
same order of magnitude, which means static hedging is also feasible in the NIG model.
Reassuringly, there is a detectable — but again, not tremendous — benefit from using
the right model to calculate the risk minimizing strategies. Using the wrong model’s
risk-minimizing strategy increases risk by a factor of 1.05 to 1.7, with the tail-focusing
measures value-at-risk and expected shortfall displaying greater sensitivity. If ones does
not know the true data-generating process, Cont (2006) suggests to the hedge model
that minimizes the worst-case error. But in that respect the table gives no clear advice;

different models give the highest worst-case error for different risk-measures.

5 Conclusion

We have described a new risk-minimizing framework for static hedging of exotic con-
tingent claims. A main strength of the method is that it is easy to explain, yet quite

general: We can build hedges for any contingent claim in any model, as long as we can
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simulate trajectories of the underlying and payoffs of the hedge instruments. Another
feature of the risk-minimizing hedge is the possibility for the hedger to choose his risk
measure; we studied various popular choices.

The performance of the method was evaluated for a discretely observed up-and-
out call option on an underlying following the Bates model (stochastic volatility and
jumps), and we found that it compared favorably to methods previously suggested in
the literature.

Moreover, the method also works in the NIG model: this is a contribution in itself
since previous methods could not handle infinite activity Levy models. From simulation
experiments we also concluded that the risk-minimizing hedges are reasonably robust
to model risk: Bates-optimal hedges work in the NIG model, and vice versa, if the two
models price vanilla options similarly.

The analysis, especially the model risk cases in Section El also illustrates that there is
no “universally optimal” risk-minimizing hedge; optimality and behaviour depends what
risk-measure you use. And on how much you are willing to pay to reduce risk. This
makes it all the more important to use a method that can handle the cost/risk-tradeoff.

Besides the “obvious” suggestion for future research: “test empirically”, let us mention
three intriguing aspects that we are currently working on. First: Proportional frictions
(transaction costs and bid /ask-spreads) are straightforward to handle optimization-wise;
treat buying and selling separately and linearity and convexity is retained. How does
this affect the construction and performance of static hedges; does it “level the paying
field” compared to dynamic hedging with the underlying? Second: How large is the
effect of non-linearity of the hedges? Could it be that hedging contracts one by one
with some u(z) # 22 (and thus sub-optimally) is preferable to hedging (optimally) with
w(x) = z*? Third: Can we — as suggested by Cont (2006) — set up portfolios that are
designed to be robust to model and parameter uncertainty? Or more specifically, can we
minimize the worst-case error across possible, non-nested models and plausible ranges

of parameter-values?
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Figure 2. The efficient frontiers for the risk-minimizing hedges in different cost/risk-
spaces. The risk-measures corresponding to the curves are: the quadratic (dotted lines),
the positive part (solid lines), V@QRg o5 (dashed lines) and ESg 5 (dash-dotted lines).
The x’s show the performance of the Nalholm & Poulsen portfolio and the o’s show the

Giese & Maruhn portfolio.
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Figure 3: Black-Scholes implied volatilities for call-options across expiries and strikes for
the Bates (o) and NIG (+4) models. The points in the graphs correspond to the options

used in the risk-minimizing static hedges.
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